
Math Logic: Model Theory & Computability
Lecture 25

Tarski's theorem
.

Let V : = (I , 0, 3 , +, 0) . Then Th(N) is not arithmetical
,
i
. e.

TIN) := (Se : NFU) is not writhetical .

Proof
.
Follows immediately by an application of the nxed point lemma, left ac HW.

Now let TEThIN be a computable theory. Then we can encode sequences

14.
, 42, ...,

42) of Father formulas into a number by sh...., This· The
it is easy

to see let the binary relation Proof [IN" defined by

Propfila
,
b) : <=> a = 14) for some Fathe formula 4 and

b is a code of a proof of 4 from T

is computable : indeed
,
we can decode b = jo, Mi, ...,"Wil , check at Yn= V,

and check whether each to is in Axiomliamal or in t
,

and both
sets are computable , or whether there exist j , <I such that li is
obtained from Up notMe by MP ,

i
. e . Wet Y = Met Yi)

.
Thus we have

Nown :

Prop .

If T&Th(N is computable
,
Meen Proofle , a) is computable

,
in partica

la
,
arithmetical.

This
,
let Proofly) be an extended Farma-formula such Kat for all a

,beIN,
Proof+ 14 , b) holds iff IF Proof

+
19
, b).

Finally , let Provable (x) : = Jy Proof (x/g) . Hence
,

for each a t IN,

#E Provable (a) iff a = 4) Or some Father formal Y

and T1Y.



Godel's Incompleteness, Let w : = (P
,
S
, +, %) and W : = (IN

,
0
,
S
,+,) . Then every computable

subley TITC(N) is incomplete. In particular, PA is incomplete.

Proof 1 of Godel Incompleteness (Liar's Paraded
.

Let T : Th(N) be a comparable schtheory
so there is an extendedTarh-formula Provable

, (x) as above
. By the

fixed point lemma , there is a Feta-sentence E
,
called the Godel sentence fort,

such that #NF(f<--Provable + (84x)) . We show let W Th(M)
,

i. e
. NEW

,

but TXVT
,
here T is incomplete. Note :

T + & > More is be IN such et Proof (U
,
6) holds

=) E Provable
+
1'N/x)

(by(k)) (=) (If Vi
=> TAU -

This contradiction chows Ut TK UT
,
10 N FaProvable

+
18+/) Leave

NAU by 1) . Thus
,
T is incomplete.

Proof 2 of God Incompleteness (from Tarski's Theorem). If there were a computable
and complete TETh(N) , ten by completeren , for each Jarhu-secience 4,

NE Provable
+ 144) if YETh (N).

But this shoes Ut Th(NK : = ) ' : PETh(N)) in definable in N,
i
. e . willretical

, controlicting Tarski's Theorem.

Quine la program that points its own rode).

Here is a program
that's not a Quine but will give us an idea on be

to write a Quine.



NotPeniteQuine() This program just prints
4
X :=

" Banach-Tarskix := " ; Burach-Tarski x := "Barach-Tarskix := "

for (i= 0
,
is length(x) ; i := it)

E
Print (x(i)) ;
if (is 11 x (i -1) = 'x 1x(i) = :=)
4

Print (v) ;
Print(x) ;
Print (1) ;

3

3

&


